Using the nonlinear coherent states approach, a general formalism for the construction of various classes of nonlinear trio coherent states in the context of multi-mode quantum states has been proposed. In particular, taking into account the most popular nonlinearity function associated with f -deformed coherent states, i.e. the nonlinearity function of the centre-of-mass motion of a trapped ion, it is illustrated that the corresponding trio coherent state possesses some interesting nonclassical properties. To establish this observation, sub-Poissonian statistics, three-mode squeezing, the behaviour of Vogel's characteristic function and the existence of entanglement are investigated. Due to the intrinsic non-classicality nature of the considered three-mode states, their physical production may be of high interest in the quantum optics field. Thus, we have finally demonstrated how nonlinear motional trio coherent states can be generated in three-dimensional anisotropic traps, appropriately.
Introduction
Standard coherent states first introduced by Glauber, Sudarshan and Klauder [1] [2] [3] were defined as eigenstates of the annihilation operatorâ, i.e.â|α = α|α . Subsequently, the notion of coherent states was generalized in various ways, which can mainly be called symmetric (coherent states of groups other than the Weyle-Heisenberg group [4, 5] ), dynamics (coherent states associated with potentials other than harmonic oscillator [6] ) and algebraic (nonlinear coherent states [7, 8] ) considerations. For the third type of generalization, which is one of the basis of this work, a variety of the potential abilities of the nonlinear coherent states approach has already been shown [9] . On the other hand, for symmetrical generalizations, a special set of coherent states associated with the two-mode realization of the SU (1, 1) group known as pair coherent states (|ξ, q ) has been introduced in [10] . Such states simultaneously satisfy the two eigenvalue equationsâb|ξ, q = ξ |ξ, q andQ|ξ, q = q|ξ, q , where 3 Author to whom any correspondence should be addressed.â andb are the annihilation operators of the independent field modes, andQ =â †â −b †b is the number difference (or charge [11] ) operator. The mentioned charge states in [10, 11] have been shown to possess nonclassical properties such as sub-Poissonian statistics, the antibunching effect and squeezing, and also violate Cauchy-Schwarz inequalities [12] . More recently, two distinct classes of generalized two-mode coherent states have been introduced [13] . From the point of view of experimental generation schemes, it is proved that optical pair coherent states can be generated in a nonlinear medium with the competition of four-wave mixing and twophoton absorption [14] . Other schemes for the generation of optical pair coherent states have been presented in [15] [16] [17] [18] [19] . On the other hand, motional pair coherent states can be created in two-dimensional isotropic or anisotropic traps [20, 21] . In this case, the ion is confined in a two-dimensional harmonic potential and the driving laser field is tuned to be in resonance with both the atomic transition frequency and the vibrational sidebands of the ion. The above mentioned two-mode coherent states are indeed the simplest generalizations of coherent states in the multi-mode extension branch of quantum states [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . So, following this particular pattern of generalization, trio coherent states and their superpositions have been introduced [22, 23] . The trio coherent state, which has been denoted by |ξ, p, q , satisfies the right eigenvalue equationŝ
whereâ,b andĉ are the annihilation operators of the three independent modes of the field, andP andQ are the number difference operators defined as follows:
These states have been observed to show some interesting nonclassical properties [22] . Preparation of the motional trio coherent state and its improved scheme, which operates in three-dimensional isotropic traps, has been suggested in [24, 25] . Moreover, due to the intrinsic nonclassical feature of a 'trio coherent state', which contains only a single state, a natural effort to generalize such a state is the extension of this particular state to the well-known nonlinear or f -deformed states. Recalling that f -deformed states are the algebraic generalization of coherent states, which contain vast classes of nonclassical states, a variety of nonlinear trio coherent states are perhaps then produced. For instance, we may refer to the centre-of-mass motion of a trapped ion, photon added coherent states, q-deformed coherent states and so on (for a few useful applications of this approach see the recent works in [26, 27] ). This perspective is in addition to the fact that nonclassicality is naturally expected in any of the nonlinear trio coherent states, too, due to their multi-mode features which reveal the entanglement properties. On the other hand, while the twomode (entangled) coherent states have found their suitable applications in testing the fundamental concepts of physics [28] , their usefulness in quantum teleportation has also been well established recently [29] . Along these lines, there may be cases where one should necessarily work with three modes.
As an example we may refer to Fredkin gates which are a computational circuit suitable for reversible computing. Any logical or arithmetic operation can be constructed entirely of Fredkin gates, which is the three-bit gate that swaps the last two bits if the first bit is 1 [30] . Such devices can be performed by neither single-nor two-mode coherent states, while our introduced states may be useful. We continue this paper as follows. In the next section, we introduce a generalized trio coherent state, which we call the nonlinear trio coherent state, and, in a special case, reduces to the trio coherent state. In section 3, some of the nonclassical properties are investigated by considering the nonlinearity function of the centre-of-mass motion of a trapped ion. In section 4, we suggest a scheme for generating the nonlinear motional trio coherent state. It is worth mentioning that our proposal is different from the schemes presented in [24, 25] in the sense that our system operates in three-dimensional anisotropic traps, in addition to the obvious fact that the produced states are essentially different. Finally, a summary including the obtained results is presented in section 5.
Introducing the nonlinear trio coherent states
Nonlinear or f -deformed coherent states are generally defined as the right eigenstates of the deformed annihilation operator A = a f (n) as follows [7, 8] : (1) . Considering the nonlinear coherent state method, we define the nonlinear trio coherent state as the common eigenstate of the trio annihilation operatorÂBĈ and the number difference operatorsQ and
with the same definitions forP andQ that were introduced in equation (2) . In (5), f (n i ), i = a, b, c is a (nonlinearity) function of the density of the radiation field which deforms all three linear modes in a unified manner. Without loss of generality, p and q can be regarded as fixed non-negative integers. Inserting (5) into equation (4), the explicit form of the nonlinear trio coherent state in the three-mode Fock space basis may be easily obtained as
and N is a normalization factor that can be determined as
(8) In obtaining (7) and (8), we used the following definitions:
with similar definitions for other cases. Obviously, choosing different nonlinearity functions, f (n)s, leads to different classes of nonlinear trio coherent states. Therefore, various classes of trio coherent states may be constructed. It is clearly seen that, by substituting f (n) = 1 in equation (6), the trio coherent state in [22] will be reproduced.
Nonclassical properties
In this section, we will discuss various nonclassical properties of our introduced nonlinear trio coherent state. To achieve this, we check three-mode squeezing, the Mandel parameter, the behaviour of the measurable characteristic function first introduced by Vogel [31] and the existence of entanglement. It ought to be mentioned that three-mode squeezing and the negativity of the Mandel parameter are sufficient (unnecessary) for a state to belong to nonclassical states, while the behaviour of the characteristic function gives us the sufficient and necessary condition for the non-classicality feature of the desired state. However, prior to everything, one should determine the nonlinearity function of the nonlinear physical system of interest. We will consider the nonlinearity function of the centre-of-mass motion of a trapped ion [7] , which is the most popular system function in the nonlinear coherent state literature [32] [33] [34] , i.e.
where L m n (x) is the associated Lagurre polynomials and {η i } i=a,b,c are the Lamb-Dicke parameters.
Three-mode squeezing
It can be easily proved that the trio coherent states, either linear or nonlinear, do not possess single (quadrature) and two-mode squeezing [22] . Therefore, following Nguyen [23] , we consider two Hermitian operators aŝ
that satisfy the commutation relation
(n anb +n anc +n bnc +n a +n b +n c + 1).
The uncertainty relation for these operators is given by
The state is said to be three-mode squeezed, respectively inX orŶ , if the parameters
satisfy the inequalities −1 < S X < 0 or −1 < S Y < 0. In figure 1 the parameter S X has been plotted against ξ ∈ R for p, q = 1 and different values of η a , η b and η c . According to this figure, it is visible that the three-mode squeezing will occur for a large range of ξ ∈ R for small enough values of η a , η b and η c . It is worth noting that, as observed from the figure, there is no such squeezing for the linear trio coherent state. We have also investigated the effect of the parameters p and q on the squeezing behaviour of the state in figure 2 . From the figure, it is seen that, with increasing the number difference parameters p and q, the depth of squeezing will be decreased. Therefore, the most nonclassical feature will be obtained if one chooses the smallest possible values of parameters η a , η b , η c , p and q. From our further calculations (not shown here), we found that the states are never squeezed in Y quadratures. 
Sub-Poissonian statistics
We can study the statistical properties of the field state in the individual modes by calculating the Mandel Q parameter [35] . This parameter is defined as follows:
The negativity of this parameter indicates that the quantum statistics is sub-Poissonian, showing the non-classicality of the state. For the case at hand, the Mandel parameter can be calculated separately for each of the three modes of the state. We investigate the behaviour of mode 1, i.e.n i =n a and we have plotted this parameter against ξ ∈ R for p, q = 1 in figure 3 for non-negative regimes. Including our results, the negativity of the Mandel parameter in some regions (and thus this nonclassical sign) increases in the nonlinear trio coherent state in comparison to the linear trio coherent state. According to our further results, which have been displayed in figure 4 , for all chosen values of p and q, the statistics of the introduced state is sub-Poissonian. In this figure we fixed the parameters η a , η b and η c to values of 0.3, 0.34, 0.38, respectively. Increasing the values of p and q, tends the value of Q to −1; i.e. as the value of the Q-parameter for the most nonclassical state |n . So, unlike the three-mode squeezing, increasing the values of p and q, highlights the sub-Poissonian statistics for each fixed η a , η b and η c .
Vogel characteristic functions G(k, ϕ)
The state is considered to be nonclassical if its corresponding Glauber-Sudarshan P function is negative in some regions of phase space or is more singular than a delta function. Recently, considering any single-mode radiation field, Vogel introduced the observable characteristic function [31] 
with the following definition for the quadrature operatorx(ϕ)
whereâ andâ † are the bosonic operators of the harmonic oscillator. According to this non-classicality criterion, the state of the system has no classical analogue if for some values of k and ϕ the following inequality holds:
where
is the characteristic function of the ground (or vacuum) state. Vogel's criterion has been successfully used for establishing the non-classicality of a class of coherent states on a sphere [36] . However, before utilizing this criterion, since our nonlinear trio coherent state is a three-mode state, we first extend the definitions (16) and (17) to the three-mode case
where quadrature operatorsx,ŷ andẑ are defined aŝ
Therefore, the nonlinear trio coherent state has shown nonclassical properties if the following inequality occurs for some values of k i , ϕ i , i = a, b, c:
is the characteristic function of the ground state. Notice that, for the case at hand, Vogel's characteristic function can be easily extended to the three-mode state, as we have done above. However, one should be careful for mixed states, a case which is much more complex [37] . Inserting (6) into (20) , the characteristic function of the nonlinear trio coherent state can be obtained as
n+q)!(n+p)!n! √ (n+q−r+s)!(n+p−r+s)!(n−r+s)! r!s!l!t!(s−r+l)!(s−r+t )!(n+q−r)!(n+p−l)!(n−t )!
To investigate the behaviour of the characteristic function, we set the parameters It is visible from the figure that |G| exceeds the classical boundary G gr for large k. Altogether, for large values of p and q, the nonclassical region of k increases and also, the oscillatory behaviour of the characteristic function becomes more pronounced.
Entanglement
Entanglement of continuous variable systems is a crucial topic of quantum computation and communication. Recalling that our nonlinear trio coherent state can be discussed in the context of continuous variable systems, and the fact that upon our previous results it is indeed a nonclassical state, in this subsection we turn our attention to the examination of the entanglement of our considered three-mode system. The existing entanglement and inseparability of quantum states can be determined by several criteria [38, 39] . of Agarwal and Biswas in [39] in which the entanglement is calculated for the two-mode (charge) coherent state, we consider the linear entropy which reads
where ρ is the density operator of the system. The quantum state is entangled if the linear entropy takes the non-zero values. The reduced density operator of mode 1 is ρ 1 = ∞ n=0 ρ n,p,q |n + q n + q|, which can be obtained by tracing out the density operator of the entire system over the other two modes. Similarly, the reduced density operators of modes 2 and 3, respectively, are ρ 2 = ∞ n=0 ρ n,p,q |n + p n + p| and ρ 3 = ∞ n=0 ρ n,p,q |n n|. With the help of (6)-(8), the coefficient ρ n,p,q can easily be obtained as
Therefore, the linear entropy of the nonlinear trio coherent state for each mode behaves as
To investigate the entanglement properties of the nonlinear trio coherent states, we have plotted the linear entropy versus ξ ∈ R for various values of p, q, η a , η b and η c . In figure 7 , this function has been plotted for p, q = 1 and different values of the Lamb-Dicke parameters η a , η b and η c . As observed, the linear entropies take positive values. Therefore, entanglement exists between each mode and the other two modes in all cases. Also, the degree of entanglement decreases with increasing the parameters η a , η b and η c . Figure 8 
Generation scheme
In this section, we introduce a proposal for the generation of a particular class of the nonlinear motional trio coherent state; their properties were discussed in the previous section. To achieve this purpose, let us consider a single two-level ion trapped in a three-dimensional anisotropic harmonic potential which is driven by two laser fields. The Hamiltonian of such a system can be described as follows:
wherê
whereσ + ,σ − andσ z are respectively known as raising, lowering (pseudo-spin) and population inversion operators for the two-level ion with transition frequency ω 0 , andâ,b,ĉ are the annihilation operators for the vibrational motions along the x, y and z axes with frequencies ν x , ν y and ν z , respectively. Also, 0 and 1 are the Rabi frequencies of the two laser fields. The first laser is tuned to be in resonance with the ion transition frequency ω 0 and the other laser is in resonance with its lower vibrational side band ω 1 = ω 0 − ν x − ν y − ν z . The position operators of the centre of mass of the ion can be written aŝ
where η x , η y , η z are, respectively, the Lamb-Dicke parameters in the x, y, z direction and k L k x k y k z . Therefore, we set the relation k xx = η x (â +â † ) (with similar expressions for η y , η z , respectively, withb,ĉ) in (29) and expand the exponential terms as powers of η. In the interaction picture, the Hamiltonian (29) can be rewritten aŝ
×â †r 1â r 1b †r 2b r 2ĉ †r 3ĉ r 3 +1
where we have used vibrational rotating wave approximation and neglected the fast oscillating terms with the vibrational frequencies ν x , ν y , ν z . Using the relationâ †r 1â r 1 =n a !/(n a − r 1 )! and similarly for modes b, c, the interaction Hamiltonian in (31) simplifies tô
Assuming that the damping of vibrational motion is negligible, the spontaneous emission of the excited ion is the main decay process and the dynamics of the system can be described by the master equation
where the second term expresses spontaneous emission of the excited state of the ion with decay rate . When the ion reaches the steady state, due to the atomic spontaneous emission, it will be populated in the ground state |g . Therefore, the solution ρ s = |g |ξ ξ | g| is obtained for the equation dρ/dt = 0, where |ξ is the vibrational steady state of the ion. Sincê σ − |g g|σ + =σ +σ− |g g| = |g g|σ +σ− = 0, the steadystate solution of equation (34) with the mentionedρ s leads to
and then, the following eigenvalue relation will be obtained
Since [Ĥ I ,P] = 0 and [Ĥ I ,Q] = 0, the number difference operatorsP andQ are constants of motion and the eigenvalue equationsP|ξ = p|ξ andQ|ξ = q|ξ are also satisfied. Therefore, if the ion is initially prepared in a state |p, q, 0 , the vibrational state of the ion in the steady state may be considered as a physical realization of a nonlinear trio coherent state, i.e. the state |ξ will behave as a nonlinear trio coherent state, with f (n i ), which is defined in (33).
Summary and conclusion
In summary, after introducing the general structure of nonlinear trio coherent states, which are the common eigenstates of the trio f -deformed annihilation operator ABĈ =â f (n a )b f (n b )ĉ f (n c ) and the number difference operatorsP =b †b −ĉ †ĉ andQ =â †â −ĉ †ĉ , we illustrated some of the nonclassical properties of the introduced states by considering the nonlinearity function of the centre-ofmass motion of a trapped ion. These states are a further generalization of two-mode states in the context of multi-mode quantum states which are essentially entangled. Meanwhile, clearly, choosing different nonlinearity functions leads one to distinct classes of nonlinear trio coherent states. Our computational calculations have shown that for some values of the parameters p, q, η a , η b and η c , three-mode squeezing in theX operator will occur in some regions of ξ ∈ R. Also, for all of the considered values of p, q, η a , η b and η c , these states have possessed sub-Poissonian statistics. From figures 1 and 3, it is seen that our introduced nonlinear trio coherent state associated with centre-of-mass motion of a trapped ion, shows stronger nonclassical signs relative to the linear trio coherent state [22] . Notice that, this is not an obvious claim, i.e. the nonlinearity is not always living with nonclassical signs [40] . Then, we investigated the behaviour of the observable characteristic function for nonlinear trio coherent states. In this part of our calculations, we found that for particular parameters the Vogel characteristic function goes beyond the value of G gr , which shows the necessary and sufficient condition for non-classicality of the state. Also, the behaviour of linear entropy showed that the nonlinear trio coherent states are entangled for all possible values of p, q, η a , η b and η c . Therefore, all considered nonclassicality signs can be controlled by choosing the suitable values of Lamb-Dicke parameters and charge numbers. Finally, because of the apparent and inherent non-classicality signs of the introduced state, their experimental generation is of enough interest for the multiuser quantum communication networks, for instance, Fredkin and Toffoli gates. So, we have finally suggested a scheme for the generation of nonlinear motional trio coherent states in three-dimensional anisotropic traps. Indeed, the steady-state solution of the presented scheme brings us to the motional nonlinear trio coherent state.
